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ABSTRACT
In this paper we consider heterotic compactications on K3  T2 as well as
type II compactications on K3-bred Calabi-Yau spaces with certain fluxes
for the gauge and RR eld strengths F and H turned on. By providing an
identication of corresponding fluxes we show that the well-known N = 2
heterotic/type II string-string duality still holds for a subset of all possible
fluxes, namely those which arise from six-dimensional gauge elds with in-
ternal magnetic flux on the common two-sphere P1b , which is the base space
of the type II K3-bration. On the other hand, F- and H-fluxes without
P
1
b-support, such as heterotic F-fluxes on the torus T
2 or type II H-fluxes
on cycles of the K3-bre cannot be matched in any simple way, which is a
challenge for heterotic/type II string-string duality. Our analysis is based
on the comparison of terms in the eective low-energy heterotic and type II
actions which are induced by the fluxes, such as the Green-Schwarz couplings




String compactications with background fluxes constitute an interesting class of string
vacua. In type IIA/B compactications on Calabi-Yau three-folds background fluxes are
provided by vacuum expectation values of internal NS and R H-elds [1, 2, 4, 5, 3, 6, 7].
In the local case a dual description of closed type II strings on Calabi-Yau spaces with
H-fluxes was proposed in terms of open topological strings, corresponding to a duality of
superstrings on non-compact Calabi-Yau spaces with H-fluxes and certain large N gauge
systems with N = 1 supersymmetry in four dimensions [8]. In N = 2 heterotic string
compactications on K3T2 vacua with background fluxes can be obtained by turning on
internal magnetic elds (magnetic F-fluxes) on certain internal two-dimensional subspaces
[9, 10].2
In general, the heterotic F-fluxes or, respectively, the type II H-fluxes cause several
interesting eects after compactication to four dimensions: they can introduce warped
space-times [19, 20, 21], they lift the vacuum degeneracy in the moduli space, they induce
a spontaneous breaking of N = 2 supersymmetry, where only at special points in the
moduli space supersymmetry may be unbroken; they can imply spontaneous breaking
of U(1) gauge symmetries, they may create tachyonic scalar elds, which destabilize the
vacuum, and they generate chiral fermion spectra. All these eects are in principle of
vital phenomenological interest.
Based on the N = 2 heterotic/type II string duality, which was established in the absence
of background fluxes [22], we will discuss in how far this duality still holds when heterotic
F-fluxes resp. type II H-fluxes are turned on. In particular we will show how at least part
of these fluxes will be mapped onto each other via the heterotic/type II string duality.
However other heterotic F-fluxes or type H-fluxes nd no obvious dual interpretation and
are therefore in apparent conflict with the heterotic/type II string-string duality. Our
discussion will be mainly based on the comparison of several terms in the four-dimensional
eective action:









R ^ J3−n = eI XI(z)−mI FI(z) ; (1.1)
2Type I compactications with internal magnetic fluxes on tori have also been constructed [11, 12,
13, 14, 15, 16, 17, 18].
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where J is the Ka¨hler class and (XI ;FI) (I = 0; : : : ; NV ) is the symplectic vector
of N = 2 special geometry which depends on the scalar elds zA (A = 1; : : : ; NV )
in the vector multiplets. This superpotential generically breaks supersymmetry
and the masses of the gravitini are of the order M3=2 ’ jW j2. In addition the
ground state of the corresponding potential determines in general the values of the
complex scalar elds zA. The eI and m
I are the quantized values of the H-fluxes


















R . We will show that those type IIA H-fluxes, which have support on a
certain two-sphere P1, correspond in the heterotic string to gauge F-fluxes on the
‘same’ P1. These are essentially e0 and all eA, except the one without P
1 support.
On the other hand, IIA H-fluxes which no support on P1, namely all except one
mA as well as m0, have no immediate heterotic interpretation.
 In the heterotic string internal F-fluxes on some two-cycle Ci induce four-
dimensional Green-Schwarz couplings via the ten-dimensional Chern-Simons term
B2 ^ Tr(F 4) as well as through the Chern-Simons interactions in H ^ H . They
involve the U(1) vector elds AI and the internal B-eld B = aCiJCi + : : :, where Ci
will be either a certain 2-sphere P1 or a certain 2-torus T2. The four-dimensional
couplings proportional to internal fluxes eiI of F
I = dAI on Ci are of the form
(4daCi =: dBCi)
LGS = eiI BCi ^ F I : (1.2)
These couplings are responsible for the longitudinal component of a U(1) vector
boson which becomes massive due to the fluxes [23, 24]. In addition the Green-
Schwarz term can cancel possible U(1) triangle anomalies due to massless chiral
fermions (see below). For the case of P1-fluxes the same Green-Schwarz action is
obtained from the ten-dimensional type IIA action turning on H-fluxes with P1
support. In fact, the Green-Schwarz action gives a very direct mean to map the
heterotic gauge F-fluxes to the type H-fluxes and vice versa.
 Along with this Green-Schwarz coupling there will be in general a mass term of the
U(1) gauge bosons,
M2AI  e2I ; (1.3)
which signals a spontaneous gauge symmetry breaking due to the fluxes eI . In
the heterotic string this term comes from the ten-dimensional kinetic term for the
CS-improved H . However in the type II compactications the same term is not
present in the tree-level eective action, but comes as a one-loop eect.
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 The two-dimensional index theorem for the Dirac operator relates the net number
of chiral fermions to the fluxes eI . These fermions are in general charged under
the corresponding U(1) gauge group, and hence a U(1) triangle anomaly may be
implied. It will be canceled by the Green-Schwarz term described above, together
with a second coupling of the form
L = cI aCi F I ^ F I ; (1.4)
where the cI denote the strength of this interaction. Then the chiral anomaly is
given as the product eiIcI . For non-zero fluxes eI and non-vanishing Green-Schwarz
term the chiral anomaly is nevertheless absent, provided the coecients cI are zero.
In other words, the mass generation for the U(1) gauge boson by the Green-Schwarz
term is not necessarily linked to a non-trivial U(1) anomaly. Precisely this, non-
vanishing Green-Schwarz couplings without anomaly, will happen for the P1b -fluxes.
On the contrary, chiral anomalies are in general present for heterotic T2-fluxes,
which has also been conrmed in a large class of type I compactications with
T
2-fluxes (see also the discussion about U(1) anomalies in [18]).
 In general, a Fayet-Iliopoulos (FI) D-term scalar potential will be generated [25],
depending on the fluxes eI , which contains tachyonic mass terms for charged scalar
elds.
In our paper we will consider on the heterotic side two equivalent string compactica-
tions to four dimensions, which proceed however via an inequivalent intermediate six-
dimensional compactication. In compactication scheme A the E8E8 heterotic string
is compactied from ten to six dimensions on a T2f  T2c . The six-dimensional theory is
then bred over a base P1b , where the rst torus T
2
f varies over the P
1
b to build the K3 and
the second one is constant. This will provide 20 perturbative Abelian gauge multiplets









On the other hand, in the heterotic string one can also have fluxes on the T2c ; then one
needs to have a gauge eld in six dimensions from a compactication of the heterotic
string on K3, i.e. in compactication scheme B one compacties from ten to six dimen-
sions on K3 and then from six to four dimensions on a T2c . In order to have Abelian
gauge elds in six dimensions, the moduli of the gauge bundle on K3 must be tuned to
specic values.
On the dual type IIA side we will deal with a Calabi-Yau space M which is a K3-bration
[26, 27] over the same base P1b . Using the adiabatic principle we will be able to completely
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map the IIA RR H-fluxes with support on P1b to the magnetic F-fluxes on the heterotic
side, again on the ‘same’ P1b . Note that it was argued already in [1] that the IIA 6-flux
on M , corresponding to e0, is mapped under the six-dimensional string-string duality to
a magnetic eld on the heterotic torus. We will nd however that the type IIA H-fluxes
investigated in [3] and [7] are mapped to heterotic fluxes on P1b , cf. [10]. However the
heterotic F-fluxes on the T2 are of a dierent nature and cannot be simply transfered to
the type IIA side. In the other direction the type IIA H-fluxes on K3IIA have no simple
heterotic interpretation. These H-fluxes lead to a massive IIA supergravity theory in
six dimensions, for which the heterotic/type IIA duality apparently does not work [28].
Finally, in type IIB compactications there are also fluxes from the NS 3-form eld H
(3)
NS.
These H-fluxes are already dicult to understand in type IIA.3 Also in the heterotic
models these fluxes have no obvious interpretation.
The paper is organized as follows. In section 2.1 we review the N = 2 theory in four
dimensions, which emerges from from the heterotic compactication on K3  T2c . In
section 2.2 we collect those facts about the six-dimensional duality that are relevant to the
precise P1b flux mapping, which is presented in section 3. In particular the identication
of the fluxes can be done by comparing the Chern-Simons terms, as discussed in 3.1. We
discuss in some detail the four-dimensional terms induced in the superpotential from the
presence of non-trivial heterotic F-fluxes 3.2. The heterotic T2c fluxes are discussed in
section 4. In section 5 we discuss the possible emergence of tachyons due to fluxes. The
paper ends with some conclusions.
2 Type II/heterotic string duality without fluxes
2.1 Heterotic strings on K3 T2c and type IIA on M
Let us recall the spectrum of the E8 E8 heterotic string compactied on K3 T2c (for
a review on N = 2 string compactications see [29, 30, 31, 32]). It consists out of the
N = 2 gravity multiplet, containing the graviphoton eld γ, NV vector multiplets zA
and NH hyper multiplets qi. The following three U(1) vector elds do not depend on
the specic gauge bundle of K3 and are therefore universal. The heterotic dilaton is
the scalar component in a vector multiplet S. Further the complexied Ka¨hler class and
the complex structure of T2c are scalar components in the vector multiplets T and U .
3In [8] it was argued that the type IIB H(3)NS-fluxes might correspond to NS 4-form fluxes in the dual
type IIA models.
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In addition there are in general 20 hyper multiplets, namely the moduli of K3, one of
these contains the volume of the base P1b and will be denoted vol(P
1
b)het. In fact, one
can consider situations, i.e. gauge bundles, where on the vector side only the elds γ,
S, T and U are present (NV = 3). The corresponding classical (i.e. S ! 1) N = 2
prepotential F then takes the form:
F = −i(X0)2 S T U ; (2.5)
where S = −iX1=X0, T = −iX2=X0 and U = −iX3=X0 and X0 corresponds to the
graviphoton. This prepotential determines the gauge couplings of the U(1)4 gauge group
via these general formulas:
Lgauge = − i
8
(NIJ F+I F+J − NIJ F−I F−J ; (2.6)
where FI (I = 1; : : : ; NV ) denote the self-dual and anti-self-dual electric eld-strength
components and
NIJ = FIJ + 2i Im(FIK)Im(FJL)X
KXL
(FKL)XKXL : (2.7)
Hence NIJ is the eld-dependent tensor that comprises the inverse gauge couplings g−2IJ =
i
4
(NIJ − NIJ) and the generalized  angles IJ = 22(NIJ + NIJ). We can also dene
magnetic eld strength tensors GI as
G+I = NIJF+J ; G−I = NIJF−J : (2.8)
The duality group acts on the eld strength vectors (F+J ; G
+















and similarly on the period vector (XI ;FJ)
X^I = U IJX
I + ZIJFJ ;
F^I = WIJXJ + V JI FJ : (2.10)
This induces the following transformations on the gauge coupling constants
N^IJ = (V KI NKL + WIL)[(U + ZN )−1]LJ : (2.11)
From the heterotic string theory we know that all the physical low-energy couplings
become weak in the large-dilaton limit, which suggests that the strongly-coupled F+S
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eld strength in the dilaton N = 2 supereld should be replaced with its dual (which
is weakly coupled in the large-dilaton limit). In N = 2 terms, this is achieved by the
symplectic transformation X^1 = F1, F^1 = −X1. The gauge couplings in the new basis
is [33]
N^IJ = −2i S IJ + 2i(S + S) IK JL(z^
K ^zL + ^zK z^L)
z^KKL ^zL
: (2.12)
Note that now all Im N^IJ are proportional to S + S and hence all the gauge couplings
become weak in the large-dilaton limit. Among the duality transformations (2.11) acting
on (X^1; F^1) we distinguish the perturbative T-dualities, which do not mix X^I with F^I ,
in contrast to the non-perturbative electro-magnetic S-duality transformations, which do
mix X^I with F^I (see [33, 34, 35] for more details).
On the dual type IIA side the massless spectrum is determined by the cohomology of
the three-fold M , namely by the two Hodge numbers h(1;1) and h(2;1). Specically, the
number of vector multiplets is NV = h
(1;1). Their h(1;1) complex scalar moduli in the NS-
NS sector correspond to the deformations of the Ka¨hler form J of M plus the internal
BMN elds; the h
(1;1) U(1) R-R vectors originate from the ten-dimensional 3-form gauge
potential AMNP with two indices in the internal space. Second, there are NH = h
(2;1) +1
massless N = 2 hyper multiplets. h(2;1) of them correspond to the complex structure
deformations of M , where the two additional R-R scalar degrees of freedom, needed to
ll an N = 2 hyper multiplet, come from AMNP with all indices in the internal direction.
The additional hyper multiplet contains together with the NS-NS axion eld a the four-
dimensional dilaton e−2IIA plus two more R-R scalar elds.
As stated already we assume that M is K3IIA bered as well as elliptically bered by
the elliptic bre f (which is also the elliptic bre of the elliptically bered K3IIA). In
accordance with our earlier assumption that on the heterotic side there are just the
vector multiplets S, T , U and γ present, we consider M to be one of the three (3; 243)
CY’s over the Hirzebruch surfaces F0, F1, F2 related to the heterotic instanton numbers
(12,12), (11,13), (10,14) [36]. The rst of these is elliptically bred over P1b  P1f and
has the further heterotic/heterotic duality related to the exchange of the two P1’s, the
second one was studied in connection with the ve-brane transition and its geometric
counterpart of blowing down a del Pezzo surface lying in the elliptic bration over P1b ,
and nally the last one is the Calabi-Yau hypersurface of degree 24 in the weighted
projective space P1;1;2;8;12. Let us denote the base and bre P
1 of the base surface Fn
respectively by P1b and P
1
f . Having Hodge numbers h
(1;1) = 3 there are just three Ka¨hler
moduli, corresponding to the volumes of P1b , P
1
f and the elliptic bre T
2
f , respectively. Via
the heterotic/type IIA string duality these elds can be mapped to the heterotic elds
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S, T and U as follows:
S  vol(P1b)IIA; T  vol(T2f)IIA; U  vol(P1f )IIA : (2.13)
Note that this is the correct identication for the model with instanton number (12,12)
which corresponds to the Hirzebruch base F0. For F1 and F2 the identication of
vol(P1f)IIA is slightly dierent, e.g. for F2 one has U − T  vol(P1f)IIA. On the other
hand, the type II dilaton, which is inside the universal hyper multiplet, is mapped to the
volume of the heterotic P1b :
e−2IIA  vol(P1b)het : (2.14)
2.2 The six-dimensional duality
Following [37] and [38] we compare the actions in six dimensions for the heterotic string
on T4 and the type IIA string on K3. Consider rst the heterotic string on T4 = T2fT2c .
Then the vector elds γ, S, T and U are already present in six dimensions. They
correspond to the left- and right-moving gauge group U(1)2LU(1)2R which is associated
to the torus T2c . In addition there are 4 U(1) vectors from T
2
f and 16 from the gauge
group in ten dimensions. Including the Chern-Simons terms in the eld strength of the
heterotic B eld,




) + cyclic ; (2.15)














Tr(@MhetL@MhetL)− F Ihet(LMhetL)IJF Jhet

where F Ihet (I = 1; : : : ; 24) are the 24 abelian gauge eld strengths and Mhet is the
(symmetric 24  24 matrix valued) scalar eld representing an element of the O(4; 20)
coset with MhetLM
T








Note that the T; U elds are not in a diagonal basis but in one with the H intersection
form consisting of a hyperbolic plane. Upon further compactication on P1b the U(1)
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 will always be present in four dimensions. Then the
matrix (LMhetL)IJ , which determines the four-dimensional gauge couplings, is given by
NIJ = vol(P1b)het(LMhetL)IJ ; (2.18)
where the indices run over the 4-dimensional gauge elds (2.16).














Tr(@MIIAL@MIIAL)− F IIIA(LMIIAL)IJF JIIA −
1
4
B ^ FIIA ^ LF TIIA

with MIIA the symmetric moduli matrix with MIIALM
T
IIA = L












!i2 ^ !j2 (i; j = 1; : : : ; 22) denotes the intersection matrix on the middle
cohomology (the !i2 an integral basis of harmonic two-forms).




























Here F2 = H
(2)
R = dA1 is the Abelian eld strength of the Ramond-Ramond 1-form A1,
H
(6)




dC3 (C(3) is dual to a vector in six dimensions) and the 22 eld strengths Ki2 := dC
i
1
correspond to dC(3) where two internal indices are on K3. However, to obtain closed
gauge invariant eld strengths one has to implement the following axionic shifts [38]







2 − F2ai = Ki2 − d(A1ai): (2.22)





i the parts associated with !i2 in the mode
decomposition for B2, C3 and J4 = H
(4)
R +A1^H(3)NS respectively. Regarding F2; ~J2; J i2 as
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J4 are closed: instead
one has dJ i2 = F2da
i and d ~J2 = J
i
2a
jdij (the latter from the eld equation dJ4 = H3^J4
for J4 coming from the CS-term).































Note that with regard to the P1b fluxes we can use the naive eld strength vector (2.21).
Now we can identify the type IIA U(1) gauge elds with their dual heterotic counter-
parts. We will rst focus on the γ, S, T , U part of the gauge group with corresponding
intersection form H  H . The relevant part of the K3IIA integral cohomology lattice
consists in one hyperbolic plane H from H1;1(K3IIA) = H H E8 E8 related to the
section (base)  (which is P1f) and bre f of the K3IIA which we assume to be elliptically
bered and another hyperbolic plane from H0(K3IIA)  H4(K3IIA). For the elliptic
Calabi-Yau with Hirzebruch base F0 the intersection matrix of  and f is indeed in the
hyperbolic form. (For the Calabi-Yau hypersurface of degree 24 in P1;1;2;8;12, which is
an elliptic bration over F2, the corresponding intersection matrix H is only reached for
the basis consisting of  + f and f). This structure H H of signature (2; 2) is related
to the coset O(2;2)
O(2)O(2) and is realized heterotically in the sector U(1)
2
L  U(1)2R which is
associated to the T2c sector of the heterotic compactication space.
Now utilizing the six-dimensional string/string duality one has the following associations
of the γ; S; T; U sector (for the Calabi-Yau with base F0)
F γhet $ F2; F Shet $ J^2;
F Thet $ K^f2 ; F Uhet $ K^2 : (2.24)
Note that this identication already holds in six dimensions and of course persists upon
further compactication on P1b .
In four dimensions, one gets analogous assertions for the electro-magnetic dual gauge






U : they correspond to the (Hodge) dual forms on the


































In N = 2 supergravity, these electric/magnetic duality transformations, A $ ~A, are
given in terms of the symplectic transformations XI $ FI , as discussed before.
3 Fluxes on P1
After the discussion of the well established type II/heterotic string duality without fluxes
let us now investigate whether this duality survives turning on fluxes on the type II and
on the heterotic side. We start considering fluxes on the 2-sphere P1b . Recall that we
have identied the relevant six-dimensional gauge elds. Let us now map the fluxes. For
that purpose we compactify further down to four dimensions on P1b , the base over which
the six-dimensional space is bred. This gives K3het  T2c on the heterotic side or the
Calabi-Yau space M on the type IIA side, respectively. The internal fluxes eI will then







Here the FI correspond to six-dimensional eld strengths, where the index I ranges over
those elds which survive the compactication to four dimensions. In addition to the
eI we also like to introduce the ‘magnetic’ fluxes m
I . Together with the eI they build,
in analogy to the magnetic/electric eld strength tensors (GI ; F
I), a symplectic vector
(eI ; m
I). On the type IIA side the mI will correspond to certain forms integrated over
certain cycles inside the Calabi-Yau, namely those which do not contain P1b , i.e. those
inside K3IIA, which do not have an interpretation as fluxes of any six-dimensional gauge
elds. Accordingly, we will see that also on the heterotic side the mI are not just fluxes
of such six-dimensional gauge eld strengths.
As stated in the introduction, we will be interested in two types of terms in the La-
grangians: those giving the scalar potential V of the superpotential W induced by the
fluxes (these are given by the kinetic terms shown below), and those giving the relation
to induced Green-Schwarz couplings; these are essentially given by Chern-Simons terms.
3.1 Green-Schwarz terms, flux mapping and chiral anomalies
We will now compare the four-dimensional couplings of the (reduced) six-dimensional
gauge elds with the derivative of the type IIA (model-independent) axion aIIA re-
spectively the heterotic axion modulus aP1b related to P
1
b . Note that just as one has




has equally the association of 1=g2IIA with vol(P
1
b)het (see eqs.(2.13) and (2.14)) which
leads to the corresponding association of the universal IIA B-eld BIIA and the internal
heterotic axion aP1b :
aIIA $ aP1b : (3.28)
The coupling constants are then proportional to H-fluxes of type IIA RR eld strength
or to F-fluxes of heterotic U(1) gauge elds on the common base P1b . By identifying the
dual gauge elds on both sides we can thus map the fluxes.
Consider the CS-improved six-dimensional kinetic terms of the heterotic NS 2-form B.
One has with Hhet = dB−!Y MCS − : : : that H2het contains the term dB  (AI ^ dAJLIJ) for
any six-dimensional gauge eld AI . With the axion eld in B = aP1b  JP1b + : : : this leads






LhetGS = eγ BP1b ^ F
γ
het + eS BP1b ^ F Shet + eT BP1b ^ F Uhet + eU BP1b ^ F Thet (3.29)
as (T; U) are non-diagonal w.r.t. LIJ .
On the other hand one has on the type IIA side the actual kinetic term (H
(4)
R − 2dB ^
A(1))2 which contains the term H
(6)
R ^B ^H(2)R furthermore one has the topological term
H
(4)























For the S-T -U model this leads to the following four-dimensional type IIA Green-Schwarz
couplings with precoecients involving 2-, 4-, 6-flux


























Now we compare the heterotic, eq.(3.29), and the type IIA, eq.(3.32), Green-Schwarz
coupling, and from matching these two eective actions we obtain the following mapping






























of course in consistency with the P1b-integrated version of 2.24.
Note that the flux eS corresponds on the type IIA side to the vacuum expectation value
of the 2-form H(2) over P1b . This is in contrast to the fluxes eT and eU (and for the further
gauge elds - see section (2.4)) which are determined by the vevs of H (4). However this
observation is just a reflection of the fact that the weakly coupled heterotic S-gauge eld
corresponds to the period F1, as explained before.
Now let us come to the dual magnetic fluxes mI . They correspond in the type IIA theory


























Starting from the ten-dimensional type IIA action with terms H
(6)
R ^B^H(2)R and H(4)R ^
H
(4)
R ^ B, the dual fluxes generate the following ‘dual’ Green-Schwarz terms in four
dimensions:
LdualGS = mS BIIA ^GS + mU BIIA ^GT + mT BIIA ^GU : (3.35)
Note that the still missing GS-coupling
LdualGS = mγ BIIA ^Gγ ; (3.36)
cannot be derived from the two ten-dimensional terms written above, but requires in ten
dimensions a coupling of the form H(8) ^ B. This term is not present in the eective
action of the ‘normal’ type IIA superstring, but it precisely arises in the massive IIA
theory which was discussed in [39]. Specically, in the massive IIA theory there is a
cosmological constant term,   (mγ)2, and the 2-form eld strength has to be modied
in the following way:
H
(2)
R = dA1 + 2m
γBIIA : (3.37)




Note that there is no integration on the base P1b in any of these integrals (3.34) involving
the fluxes mI . Therefore the fluxes mI already exist in six dimensions as integral, topo-
logical numbers on the type IIA side. In fact, decompactifying P1b in type IIA, the fluxes
mI are already present in six dimensional IIA compactication on K3. All these fluxes
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arise in massive type IIA supergravity on K3 due to duality transformations from mγ ,
as it was recently discussed in [28].
However on the heterotic side the interpretation of the magnetic fluxes mI is not obvious,
since the corresponding integrals cannot be dened (but see 3.38 below) Therefore the
heterotic/type IIA string-string duality breaks down in the presence of the magnetic
fluxes mI . In fact, the problematical point to match these two occurrences of Poincare-
duality is the following: the electro-magnetic dual eld strengths Gγ , GS, GT , GU are
dened entirely in four dimensions; this is in manifest contrast to the original gauge
elds which are survivors from a dimensional reduction. If one wants to contemplate on
P
1
b-fluxes of the electro-magnetic duals they should exist already in six dimensions. In
conclusion there are no fluxes of the electro-magnetic duals of the four-dimensional gauge
elds. In other words, the four IIA fluxes listed in eq.(3.34) with no support on the P1b
cannot be interpreted as heterotic F-fluxes of six-dimensional gauge elds on P1b .
Let us briefly discuss the action of the duality symmetries, being certain symplectic
transformations, on the fluxes eI and m
I . First, the perturbative, heterotic T-duality
transformations act within the fluxes eI and m
I but do not mix them into each other. For
example, the transformation T ! 1=T has the following action on the fluxes: eS $ eU ,
eγ $ eT , mS $ mU , mγ $ mT as inspection of the scalar potential (3.43) shows.
On the other hand, non-perturbative S-duality transformation exchange some of the
fluxes eI with some m
I . Therefore, in the heterotic string, the absence of the fluxes mI
breaks these S-duality transformations. In the type IIA string, non-perturbative duality
transformations which exchange eI with m
I are in principle possible and depend on the
details of the geometry. For example, as discussed in [26, 40], the S − T − U models
discussed here possess a non-perturbative exchange symmetry S $ T . In the model with
Hirzebruch base F0, this symmetry has a very simple geometric interpretation, namely it
just reflects the freedom of exchanging the two P1’s of F0, i.e. P
1
b $ . Using the fluxes
in eqs.(3.33) and (3.34) the S $ T symmetry has the following natural action on the
fluxes:
eT $ mS ; eS $ mT ; (3.38)
and all other fluxes are unchanged. One gets of course similar mappings if one assumes
a full triality among the moduli S, T and U (see e.g. [41, 42]).
Now, at the end of this chapter let us discuss the question of anomalies in relation to the
P
1
b-fluxes. The net number of chiral fermions, the index of the Dirac operator, which is
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proportional to the triangle U(1)3-anomaly is given by
n+ − n− =
Z
T2cK3het
ch (F ) ^ A^(R); (3.39)
where A^(R) and ch(F ) are the A^ genus of the tangent bundle and the Chern character
of the gauge bundle. The index is zero due to the simple fact that on the ‘constant’
T
2
c F and R both vanish. This reflects the statement that we can gure the heterotic
compactication as a trivial dimensional reduction on a torus after compactifying to six
dimensions on K3het, which does not produce any chiral fermions in four dimensions.
This is still completely consistent with the appearance of Green-Schwarz couplings. A
contribution to the triangle anomaly would require the coupling aP1bF ^ F . In general,
this term can be obtained from the ten-dimensional GS-term B ^ F 4 via dimensional
reduction. However for the case of P1b-fluxes we obtain
L = aP1b F I ^ F I
Z
T2σT2f
F ^ F ; (3.40)
which vanishes since F has only support on P1b .
The gauge symmetry not being anomalous, the GS-term BP1B ^ F nevertheless gener-
ates a longitudinal component for the U(1) gauge elds. Since there is only one B-eld,
which couples to the gauge elds via the GS-term, namely the internal B-eld BP1b in
the heterotic string or the universal B-eld BIIA in the type IIA string, only one linear
combination of U(1) gauge elds will become massive, where the exact linear combina-
tions depends on the fluxes turned on. In the heterotic string this mass term comes from
the ten-dimensional kinetic term of the CS-improved NSNS 3-form eld strength, which






However using the heterotic/type IIA duality relation (2.14), it follows that these gauge
boson mass terms arise only at the one-loop level in the type IIA compactications.
3.2 The superpotential couplings
Turning on non-trivial fluxes induces a potential for the vector multiplet scalar elds
zA = XA=X0. Quite generically, this scalar potential is lifting the vacuum degeneracy in
the vector multiplet moduli space and is also breaking space-time supersymmetry. In the
heterotic case the scalar potential originates from the gauge kinetic term eq.(2.16) in six
dimensions, which is determined by the scalar eld matrix (LMhetL)IJ . Specically, the
four-dimensional scalar potential V is obtained by replacing in eq.(2.16) the gauge eld
strength tensors F het by their corresponding internal electric fluxes eI . Using eqs.(2.8),
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eI(ImN^ )IJeJ ; (3.41)
where the coupling constants N^IJ are computed using the period vector (X^I ; F^J) which
was obtained from the exchange X^1 = F1, F^1 = −X1. Using the well-known super-
gravity relation between W and V , this scalar potential corresponds to the following
superpotential
W = eγX




where S = −iX1=X0 and the elds i = −iX i=X0 are the remaining moduli. In het-
erotic perturbation theory, the prepotential F depends only linearly on S, and hence W
does not depend on S; therefore the S-eld is not xed by the minimization condition
W = 0 and diW = 0 in perturbation theory. Only non-perturbatively, after instanton
corrections in e−S, F and hence also W will depend on S, which will then be xed by
the minimization conditions. For the case with only four vector elds Aγ , AS, AT and
AU with corresponding prepotential eq.(2.5) the couplings N^ IJ are easily computed us-







2T 2U2 + (eT )




which corresponds to the following superpotential cf. [7]:
W = eγ + eSTU + ieT T + ieUU : (3.44)




2 in ten dimensions. Alternatively we can also use the derivation [3] of the scalar
potential in the type IIB mirror compactication. There the scalar potential comes from
the the term H
(3)
R ^ H(3)R in the ten-dimensional eective action. After dimensional
reduction the following expression is obtained [3]:
V = −(2Im)−1

mI(ImN )IJmJ + (eI + mJ NIJ)(ImN )IK(eK + mJNKJ)

: (3.45)








R ^ J3−n = eI XI −mI FI : (3.46)
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2^!i (apart from contributions
with a 0- respectively 4-form on K3IIA) and J = X
i  !i (where X i = ai + ivol(Ci2)IIA)

























R = eγ : (3.48)
H
(2)



























= ieT T + ieUU + eγ + eSTU ; (3.50)
where we have used the prepotential F in eq.(2.5) and X0 = 1 in the second line of this
equation. The agreement of this equation with heterotic superpotential eq.(3.44) shows
how the superpotential can be directly transported from type IIA to the heterotic side,
whereas above we compared these terms by explicitely evaluating the associated scalar
potentials on both sides independently.
3.3 Further gauge elds
It is straightforward to extend these associations to the case that one has heterotically
not only the T and U elds from the g and B sector but also further gauge elds, called
V . So if one of the 16 U(1)’s survives the bration down to 4 dimensions one can consider
its associated flux. Such a model will be dual to type IIA on a Calabi-Yau three-fold with
a larger h(1;1) reflecting the enhanced number of vector multiplets [36, 43]. Its K3IIA bre
has a correspondingly higher Picard number which indicates the existence of at least one
further (beyond the  and f) algebraic 2-cycle C2V whose cohomology class in the K3IIA
is an integral (1,1) class and which exists generically in all K3IIA bers. This gives a
new 2-cycle for the Calabi-Yau and a new 4-cycle P1b C2V from the adiabatic extension
over the base P1b . Of course, the Wilson lines then correspond to the Cartan sub lattice
of the E8  E8 part of the K3IIA middle cohomology.
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The heterotic gauge eld (existing already in six dimensions) with eld strength F Vhet
maps to the the RR 3-form C(3) reduced on the new 2-cycle C2V , i.e.






whereas the electro-magnetic dual eld strengths GhetV (existing only in four dimensions)
corresponds again to the dual 5-form C(5) on the Poincare dual 4-cycle C4V , i.e.






Given these identications of the heterotic versus type IIA U(1) eld strengths one has





















We now turn to heterotic fluxes on the constant torus T2c . Therefore, we gure the
compactication space K3T2c to be build up in the other order B: One decompacties
rst to six dimensions on K3 and then further to four dimensions on T2c . Any abelian
gauge eld A that survives the compactication on K3 may also be endowed with a flux




F 2 Z : (4.54)
There is no straightforward way to interpret these fluxes on the dual type IIA side, but
we would like give some indications.
First recall that for the heterotic P1b fluxes in eq.(3.27) the vacuum expectation value of





On the type IIA side vol(P1b)
−1
het corresponds to the square of the type II coupling constant
(see eq.(2.14)), such that
FP1b  g2IIA : (4.56)
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and keeping the overall volume of K3T2c as well as the volume of T2f xed we arrive at
FT2c  vol(P1b)het  1=g2IIA : (4.58)
So in the dual type II description these fluxes are large for weak coupling, i.e. they
are of non-perturbative nature. A similar feature is encountered in type IIB Calabi-Yau
compactications in the presence of NS-fluxes, where the flux vectors are e = eR + eNS ,







As opposed to the earlier case of the P1b fluxes we now expect to obtain a spectrum of
chiral fermions in four dimensions together with an anomalous contribution to the chiral
gauge anomaly. The index theorem for the Dirac operator relates the net number of
chiral fermions to the magnetic flux on the torus










But now we also face the presence of appropriate Green-Schwarz couplings to cancel the
anomaly. The kinetic term of the NSNS 3-form Hhet decomposes into
Hhet ^ Hhet = 2dB ^  (AdA) + AdA ^  (AdA) +    (4.60)
The second term is the term that gives a positive mass to the particular gauge boson
via f 2 AA
. Note that this mass square is proportional to the square of the flux. The
rst term is a contribution to the Green-Schwarz coupling B ^ F , which simply is of the
following form in four dimensions:
LGS = f BT2c ^ F : (4.61)
Via the index theorem, the coupling constant is proportional to the net number of chiral
fermions, thus appropriate to cancel the anomaly induced by the triangle diagrams with
fermion loops. To complete the Green-Schwarz couplings needed for the anomalous tree
diagram the ten-dimensional term B ^ F 4 leads in four dimensions to a coupling
L = aT2c F ^ F
Z
K3
F ^ F ; (4.62)
4In [8] it was argued that the H(3)NS fluxes correspond on the type IIA side to fluxes of an NS 4-form
eld strength.
18
which is non-vanishing and independent of the flux. Using the Bianchi identityZ
dHhet =
Z (
tr F 2 − trR2 = 0 (4.63)
the total GS coupling is proportional to the index and the two terms precisely surce to
cancel the non-vanishing U(1) anomaly.
5 Tachyons due to fluxes
It is well known that it can lead to unstable vacua when Yang-Mills gauge theories are
compactied to lower dimensions with magnetic fluxes on the internal space [44]. The
internal components of charged gauge bosons become scalars whose masses are modi-
ed due to their coupling to the internal magnetic eld and thus may become negative
eventually. Then the vacuum shifts to a new groundstate with a condensate of these
tachyons. The analysis can be performed on purely eld theoretical grounds by consider-
ing six-dimensional Yang-Mills theory compactied to four dimensions. It equally applies
to both, the type IIA and heterotic string models.
First let us dicuss tachyons due to P1-fluxes. Later we will consider this mechanism in
the more familiar case of a toroidal compactication of gauge elds with magnetic flux.
There we will also explicitly show that the tachyon potential that derives from the gauge
kinetic term trF 2 is stabilized by a quartic term, the entire potential taking the form of a
D-term. But, at rst sight surprising, tachyons can also appear for a compactication on
a P1b . One might expect that the absence of harmonic 1-forms, which implies the absence
of massless scalars in the dimensional reduction of a gauge eld on P1b , also excludes their
appearance when magnetic flux is present on the sphere. However, the analysis of the
spectrum of the Laplacian on a sphere acting on internal components of charged vector
elds shows that it indeed does have negative eigenvalues as well [45, 46]. Formally, one
needs to consider sections in the tangent bundle twisted by the flux, which may be trivial
even if the tangent bundle itself is not. The flux being a discrete parameter the existence
of tachyonic modes is not in contradiction with being massive Kaluza-Klein excitations
in its absence. An important feature is that the modication of their masses is essentially
given by M2  sqF , s denoting the internal spin, q the charge and F the flux, a linear
dependence on the flux F . Hence, the spacing of mass levels of KK states and the shift
induced by the flux is comparable, both being proportional to 1=vol(P1b). While this
explains how the mass shift can let the massive KK modes jump to negative eigenvalues,
it also raises the general question if the approach based on the eective action of elds
massless in the absence of flux is appropriate at all. The two scales being equal one would
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have to include all higher KK modes from the beginning, because all of them could come
down to zero mass when coupling to appropriate internal fluxes. Thus, the starting point
of our analysis appears to be ruined. This problem does not occur as long as we consider
only abelian gauge symmetries without charged gauge bosons.
Another more exotic situation where charged scalar elds have negative masses can be
met at very special points of the moduli space. When the compactication space degen-
erates and certain cycles shrink to zero size, black holes may condense and need to be
included in the eective action even at small coupling. Let us look at the well known
example of the conifold singularity of type IIB, which occurs at the co-dimension one
locus, where in the Calabi-Yau space a cycle A1 with the topology of S
3 vanishes, while
the remaining cycles stay nite. More precisely the Calabi-Yau space M exhibits a nodal




i = . For  ! 0 the real part




Ω ! 0, an additional hypermultiplet, the ground state of a singly wrapped
3−brane around the A1, with mass proportional to jX1j becomes light [47]. It is charged
with respect to the U(1)NV gauge symmetry of the vector multiplets. It corresponds to
a magnetic monopole or dyon in the eective gauge theory.
Consider the case where the flux e1 which is aligned to the vanishing cycle of the conifold
is turned on. In type IIB the corresponding superpotential is
W = e1 + ~ ; (5.64)





The supersymmetric, stationary points of the corresponding scalar potential are at W = 0
and dW = 0, which leads to  = 0 and in addition to the condensation of the hyper
multiplets, ~ = −e1, as discussed in [3]. In fact the supergravity scalar potential in the
vicinity of the conifold point [1, 7],
V () = jWj2eKK−1z¯ = −
e21
log jj2 ; (5.66)
is stable in the -direction and has a supersymmetry preserving minimum at  = 0 with
v = 0. On the other hand due to the non-vanishing flux e1, two of the real scalars of , ~
will become real massive scalars whereas the remaining two scalars will become tachyons.
Explicitly, besides eq.(5.66) the scalar potential will also contain the term
V (; ~) = e1(~ + c:c:) = 2e1(1 ~1 − 2 ~2) ; (5.67)
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where  = 1 + i2 and ~ = ~1 + i~2. So the elds 2 and ~2 are tachyons with negative
mass square M2 = −2e1.
Actually, the conifold and other known examples are no good examples for P1-fluxes in
the context of the dual heterotic/type IIA models discussed above. In IIA language the
entire CY shinks to zero. This however corresponds to a magnetic flux, dual to the flux
of Aγ , i.e. not a P
1-flux.
For the toroidal case one can demonstrate the appearance of tachyonic charged scalars
more explicitly by the dimensional reduction of the gauge kinetic term with background
flux. We therefore assume that a whole non-abelian SU(2)V remains unbroken in six




trF ^ F ; F a = dAa + fabcAb ^ Ac (5.68)
decomposes according to
F a ^ F b = dAa ^ dAb + 2f bcddAa ^  (Ac ^ Ad (5.69)
+facdf befAc ^Ad ^  (Ae ^Af :
With the abelian flux f for A0 as in eq.(4.54) the second term is a mass term for the





(Aa5  iAa6) (5.70)







(jAb+ + iAc+j2 − jAb− + iAc−j2 (5.71)
such that we get two real massive scalars and two tachyons. The quartic term in (5.69)







(jAb+ + iAc+j2 − jAb− + iAc−j2
2
: (5.72)
This is an agreement with the potential derived in [10],[11], which was obtained by
computing string corrections to a quantum mechanical mass formula
M2 = (2n + 1)jqf j − 2sqf; (5.73)
where n is the angular momentum quantum number, the Landau level, and s the internal
spin. A characteristic property of the mass square shift described by this formula is the
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linear dependence on the flux f , which appears as a generic property of D-term induced
masses. The mass spectrum thus obtained satises the condition
StrM2 = 0 (5.74)
for spontaneous supersymmetry breaking. For s = 1 the above mass formula produces
one positive and one negative mass-square scalar eld. Concerning the spectrum of mass-
less fermions the mass shift aects one chirality with s = 1=2 to become massive, the
opposite chirality to stay massless, such that the resulting four-dimensional spectrum
will be chiral. While the expression (5.73) has been deduced from more heuristic argu-
ments, it can be reproduced for a compactication of the heterotic string on T6 with a
background U(1) flux from the exact CFT treatment of [9]. It appears as the leading
term of the exact mass formula for small values of the flux.
6 Conclusion
In this paper we have seen that in general F- and H-fluxes in heterotic and type II
compactications apparently break the string-string duality symmetry between het-
erotic/type II pairs which were dual to each other before turning on these fluxes. However
for a subset of fluxes the string-string duality still holds, namely for those F- and H-fluxes
which have support on the two-sphere P1 which is common to both string compactica-
tions. One should ask what is the reason for the breakdown of the string-string duality
symmetry by the other fluxes, or whether one can reconcile the string-string duality sym-
metry by turning on new fluxes which are so far not yet investigated. But unfortunately
we cannot nd any real trace for such a possibility in our discussion.
Another interesting question is the vacuum structure of heterotic and type II compacti-
cations in the presence of fluxes. As discussed in [1, 2, 3, 6, 7] in the context of the eective
supergravity action vacua with completely unbroken N = 2 supersymmetry are possible
at certain degeneration points in the moduli space (conifold points, large volume limit,
etc); otherwise supersymmetry will be completely broken, and it seems to be no room for
partialN = 2 ! N = 1 supersymmetry breaking in the flux induced supergravity action.
However this situation changes in the rigid eld theory limit where certain so far dynam-
ical elds are frozen. This eld theory limit can be conveniently described by replacing
the compact type II Calabi-Yau spaces by their non-compact counterparts which can be
then utilized to compute the flux induced eld theory N = 1 superpotentials for the
corresponding Yang-Mills gauge theories without [8] and also with matter elds [48]. A
nice way to understand the related large N duality between D-branes and H-fluxes, which
22
is based on topological transitions in the non-compact type II Calabi-Yau spaces, was
provided in terms of geometric transitions in M-theory on non-compact spaces with G2-
holonomy [49]. In the light of this result it would be also interesting to see whether also
type II compactications on compact Calabi-Yau spaces with H-fluxes, or their heterotic
counterparts, can be lifted to some geometric M-theory compactications. In case one
would succeed to have partial supersymmetry breaking from N = 2 ! N = 1 even in the
compact case, M-theory should be compactied on a compact seven-dimensional space
with G2-holonomy. However for the generic case of complete supersymmetry breaking
by the fluxes, the situation looks much more complicated.
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